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UNIFORM SEMIGROUP SPECTRAL ANALYSIS OF
THE DISCRETE, FRACTIONAL AND CLASSICAL
FOKKER-PLANCK EQUATIONS

BY STEPHANE MiscHLER & IsABELLE TrisTANI

AsstracT. — In this paper, we investigate the spectral analysis and long time asymptotic con-
vergence of semigroups associated to discrete, fractional and classical Fokker-Planck equations
in some regime where the corresponding operators are close. We successively deal with the
discrete and the classical Fokker-Planck model, the fractional and the classical Fokker-Planck
model and finally the discrete and the fractional Fokker-Planck model. In each case, we prove
uniform spectral estimates using perturbation and/or enlargement arguments.

Résumi: (Analyse spectrale uniforme des équations de Fokker-Planck discréte, fractionnaire et
classique)

Dans cet article, nous nous intéressons & ’analyse spectrale et au comportement asympto-
tique en temps long des semi-groupes associés aux équations de Fokker-Planck discrete, frac-
tionnaire et classique dans des régimes ou les opérateurs correspondants sont proches. Nous
traitons successivement les modeles de Fokker-Planck discret et classique, puis fractionnaire et
classique et enfin discret et fractionnaire. Dans chaque cas, nous démontrons des estimations
spectrales uniformes en utilisant des arguments de perturbation et/ou d’élargissement.
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390 S. Miscnrer & 1. Tristant

1. INnTRODUCTION

1.1. MopELs AND MAIN RESULT. — In this paper, we are interested in the spectral
analysis and the long time asymptotic convergence of semigroups associated to some
discrete, fractional and classical Fokker-Planck equations. They are simple models
for describing the time evolution of a density function f = f(t,x), t > 0, x € RY,
of particles undergoing both diffusion and (harmonic) confinement mechanisms and
write

(L.1) Of =Af=Df +div(zf), [f(0)= fo.

The diffusion term may either be a discrete diffusion
Df=Af:=rxf— &L f,

for a convenient (at least nonnegative and symmetric) kernel k. It can also be a
fractional diffusion

(Df)(x) = —(=2)*"*f(x)
(1.2) _ fly) = f@) = x(z —y)(x—y) - VI(z) dy

o Rd |z — yldte

)

with o € (0,2), x € D(R?) radially symmetric satisfying the inequality 15(0,1) < x <
1(0,2), and a convenient normalization constant ¢, > 0. It can finally be the classical
diffusion

d
Df=Af=> 0;,.f
i=1
The main features of these equations are (expected to be) the same: they are mass
preserving, namely

<ft>:<f0>7 Vt>o7 <f> = fdl’,

Rd
positivity preserving, have a unique positive stationary state with unit mass that we
denote by G here and that stationary state is exponentially stable, meaning that

(1.3) fi — {fo)G as t— oo,

with an exponential rate for any solution f; associated to an initial datum fy with
mass (fo). Such results can be obtained using different tools as the spectral analysis
of self-adjoint operators, some (generalization of) Poincaré inequalities or logarithmic
Sobolev inequalities as well as the Krein-Rutman theory for positive semigroup.

The aim of this paper is to deal with the above generalized Fokker-Planck equations
in an unified way and, more importantly, to establish that the convergence (1.3) is
exponentially fast for a large class of initial data taken in a fixed weighted Lebesgue or
weighted Sobolev space X, with a rate of convergence which can be chosen uniformly
with respect to the diffusion term.

We investigate three regimes where these diffusion operators are close and for which
such a uniform convergence can be established. In Section 2, we first consider the case
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DISCRETE, FRACTIONAL AND CLASSICAL FOKKER-PLANCK EQUATIONS 391

when the diffusion operator is discrete

1

Df = Def = Ansfa Re = *ng,
£

where k is a nonnegative, symmetric, normalized, smooth and decaying fast enough
kernel and where we use the notation k.(x) = k(x/¢)/e?, € > 0. In the limit ¢ — 0,
one then recovers the classical diffusion operator Dy = A.

In Section 3, we next consider the case when the diffusion operator is fractional

Df =D.f :=—(-A)*92f e (0,2),

so that in the limit ¢ — 0 we also recover the classical diffusion operator Dy = A.
In Section 4, we finally consider the case when the diffusion operator is a discrete
version of the fractional diffusion, namely

Df = Dsf = Arcgf7

where (k.) is a family of convenient bounded kernels which converges towards the

kernel of the fractional diffusion operator kg := ¢, | - |74~ for some fixed a € (0,2),
in particular, in the limit ¢ — 0, one may recover the fractional diffusion operator
Dy = —(—=A)/2,

In order to write a rough version of our main result, we introduce some notation. We
define the weighted Lebesgue space LL, r > 0, as the space of measurable functions f
such that f (z)" € L', where (z)? := 1+ |z|?>. For any fy € L!, we denote as f; the
solution to the generalized Fokker-Planck equation (1.1) with initial datum fy and
then we define the semigroup Sa_ on X by setting Sa_(t)fo := fi.

Tueorewm 1.1 (rough version). — There exist r > 0 and ¢ € (0,2) such that for any
e € [0,e0], the semigroup Sy, is well-defined on X := L} and there exists a unique
positive and normalized stationary solution G. € X to (1.1). Moreover, there exist
a <0 and C > 1 such that for any fo € X, there holds

(1.4) 184, (t)fo — Gelfo)llx < Ce™ | fo — Ge(fo)lx, Vt=>0.

Our approach is a semigroup approach in the spirit of the semigroup decomposition
framework formalized by Mouhot in [13] and developed subsequently in [8, 5, 14, 9, 7].
Theorem 1.1 generalizes to the discrete diffusion Fokker-Planck equation and to the
discrete fractional diffusion Fokker-Planck equation similar results obtained for the
classical Fokker-Planck equation in [5, 9] (Section 2) and for the fractional one in [14]
(Section 4). It also makes uniform with respect to the fractional diffusion parameter
the convergence results obtained for the fractional diffusion equation in [14] (Sec-
tion 3). It is worth mentioning that there exists a huge literature on the long-time
behaviour for the Fokker-Planck equation as well as (to a lesser extent) for the frac-
tional Fokker-Planck equation. We refer to the references quoted in [5, 9, 14] for
details. There also probably exist many papers on the discrete diffusion equation
since it is strongly related to a standard random walk in R?, but we were not able to
find any precise reference in this PDE context.
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392 S. Miscnrer & 1. Tristant

1.2. METHOD OF PROOF. Let us explain our approach. First, we may associate a
semigroup Si_ to the evolution equation (1.1) in many Sobolev spaces, and such a
semigroup is mass preserving and positive. In other words, Sy, is a Markov semigroup
and it is then expected that there exists a unique positive and unit mass steady
state G. to the equation (1.1). Next, we are able to establish that the semigroup Sx,
splits as

Sp, =S+ 52,

1.5
(1.5) S! ~e!Te| T, finite dimensional, S% = O(e™), a <0,

in these many weighted Sobolev spaces. The above decomposition of the semigroup
is the main technical issue of the paper. It is obtained by introducing a convenient
splitting

(1.6) A= A. + B,

where B enjoys suitable dissipativity property and A, enjoys some suitable B.-power
regularity (a property that we introduce in Section 2.4 (see also [7]) and that we
name in that way by analogy with the B.-power compactness notion introduced by
Voigt [16]). Roughly speaking, we are able to establish that the iterated convolution

(AESBE)(*”) enjoys some regularization property for some n > 1,

where for two functions of time U and V' we define the convolution product

(U*V)(t):= /0 U(t—s)V(s)ds

as well as the iterated convolution product by U = I, U™ = 7 « U*(m=1) for
any m > 1. It is worth emphasizing that we are able to exhibit such a splitting with
uniform (dissipativity, regularity) estimates with respect to the diffusion parameter
e € [0,g0] in several weighted Sobolev spaces.

As a consequence of (1.5), we may indeed apply the Krein-Rutman theory devel-
oped in [11, 7] and exhibit such a unique positive and unit mass steady state G..
Of course for the classical and fractional Fokker-Planck equations the steady state
is trivially given by means of an explicit formula (the Krein-Rutman theory is use-
less in that cases). A next direct consequence of the above spectral and semigroup
decomposition (1.5) is that there is a spectral gap in the spectral set X(A.) of the
generator A., namely

(1.7) Ae :=sup{Re& € X(A;) N {0}} <0,
and next that an exponential trend to the equilibrium can be established, namely
(1.8) 1Sa. () follx < Cee™ [l follx V>0, Ye €[0,e0], Ya> A,

for any initial datum fy € X with vanishing mass.

Our final step consists in proving that the spectral gap (1.7) and the estimate (1.8)
are uniform with respect to e, more precisely, there exists \* < 0 such that A\, < A\*
for any € € [0,¢0] and C. can be chosen independent to € € [0, £¢].
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A first way to get such uniform bounds is just to have in at least one Hilbert space
E. C L'(R?) the estimate

VEEDRY), (f)=0, (Af, fe. <NfII%.

Estimate (1.8) then essentially follows from the fact that the splitting (1.6) holds
with operators which are uniformly bounded with respect to ¢ € [0,20]. It is the
strategy we use in the case of the fractional diffusion (Section 3) and the work has
already been made in [14] except for the simple but fundamental observation that
the fractional diffusion operator is uniformly bounded (and converges to the classical
diffusion operator) when it is suitable (re)scaled.

A second way to get the desired uniform estimate is to use a perturbation argument.
Observing that, in the discrete cases (Sections 2 and 4),

Ve € [0,e0], Ac—Ag=0(e),

for a suitable operator norm, we are able to deduce that € — A, is a continuous
function at ¢ = 0, from which we readily conclude. We use here again that the
considered models converge to the classical or the fractional Fokker-Planck equation.
In other words, the discrete models can be seen as (singular) perturbations of the limit
equations and our analysis takes advantage of such a property in order to capture the
asymptotic behaviour of the related spectral objects (spectrum, spectral projector)
and to conclude the above uniform spectral decomposition. This kind of perturbative
method has been introduced in [8] and improved in [15]. In Section 4, we give a new
and improved version of the abstract perturbation argument where some dissipativity
assumptions are relaxed with respect to [15] and only required to be satisfied for the
limit operator (¢ = 0).

1.3. COMMENTS AND POSSIBLE EXTENSIONS

Motivations. The main motivation of the present work is rather theoretical and
methodological. Spectral gap and semigroup estimates in large Lebesgue spaces have
been established both for Boltzmann like equations and Fokker-Planck like equations
in a series of recent papers [13, 8, 5, 11, 2, 1, 14, 9, 10]. The proofs are based on a
splitting of the generator method as here and previously explained, but the appro-
priate splitting are rather different for the two kinds of models. The operator A, is a
multiplication (0-order) operator for a Fokker-Planck equation while it is an integral
(—1-order) operator for a Boltzmann equation. More importantly, the fundamental
and necessary regularizing effect is given by the action of the semigroup Sp, for the
Fokker-Planck equation while it is given by the action of the operator A, for the Boltz-
mann equation. Let us underline here that in Section 4, we exhibit a new splitting
for fractional diffusion Fokker-Planck operators (different from the one introduced
in [14]) in the spirit of Boltzmann like operators (the operator A. is an integral oper-
ator whereas it was a multiplication operator in [14] and in Section 3). Our purpose is
precisely to show that all these equations can be handled in the same framework, by
exhibiting a suitable and compatible splitting (1.6) which does not blow up and such
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394 S. Misciiier & 1. TrisTant

that the time indexed family of operators A.Sp_ (or some iterated convolution prod-
ucts of that one) has a good regularizing property which is uniform in the singular
limit € — 0.

Probability interpretation. — The discrete and fractional Fokker-Planck equations are
the evolution equations satisfied by the law of the stochastic process which is solution
to the SDE

(1.9) dX, = —X,dt — d.ZF,

where Zf is the Lévy (jump) process associated to k./e? or c./|z|*+27¢. For two
trajectories X; and Y; to the above SDE associated to some initial data Xy and Yj,
and p € [1,2), we have

d|Xt - Yt|p = *p|Xt - Yt|pdt7
from which we deduce

E(|X: — V;P) < e P'E(| Xy — Yy|P), Vit =0.

We fix now Y; as a stable process for the SDE (1.9). Denoting by f-(t) the law of X;
and G. the law of Y;, we classically deduce the Wasserstein distance estimate

(110) Wp(fe(t)v Gs) < e_t Wp(f07G€)7 Vi 2 0.

In particular, for p = 1, the Kantorovich-Rubinstein Theorem says that (1.10) is
equivalent to the estimate

(1.11) [£(t) = Gellwre@ayy < ™" | fo— Gellwroemayy, Vt=0.

Estimates (1.10) and (1.11) have to be compared with (1.8). Proceeding in a similar
way as in [11, 9] it is likely that the spectral gap estimate (1.11) can be extended
(by “shrinkage of the space”) to a weighted Lebesgue space framework and then to
get the estimate in Theorem 1.1 for any a € (—1,0).

Singular kernel and other confinement term. — We also believe that a similar analysis
can be handled with more singular kernels than the ones considered here. The typical
example should be k(z) = (0_1 + 61)/2 in dimension d = 1, and for confinement term
different from the harmonic confinement considered here, including other forces or
discrete confinement term. In order to perform such an analysis one could use some
trick developed in [11] in order to handle the equal mitosis (which uses one more
iteration of the convolution product of the time indexed family of operators A.Sg.).

Linearized and nonlinear equations. We also believe that a similar analysis can be
adapted to nonlinear equations. The typical example we have in mind is the Landau
grazing collision limit of the Boltzmann equation. One can expect to get an exponen-
tial trend of solutions to its associated Maxwellian equilibrium which is uniform with
respect to the considered model (Boltzmann equation with and without Grad’s cutoff
and Landau equation).

JEP M., 2017, lome /4
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Kinetic like models. A more challenging issue would be to extend the uniform
asymptotic analysis to the Langevin SDE or the kinetic Fokker-Planck equation by
using some idea developed in [1] which make possible to connect (from a spectral
analysis point of view) the parabolic-parabolic Keller-Segel equation to the parabolic-
elliptic Keller-Segel equation. The next step should be to apply the theory to the
Navier-Stokes diffusion limit of the (in)elastic Boltzmann equation. These more tech-
nical problems will be investigated in next works.

1.4. OurLine or THE pAPER. — Let us describe the plan of the paper. In each section,
we treat a family of equations in a uniform framework, from a spectral analysis view-
point with a semigroup approach. In Section 2, we deal with the discrete and classical
Fokker-Planck equations. Section 3 is dedicated to the analysis of the fractional and
classical Fokker-Planck equations. Finally, Section 4 is devoted to the study of the
discrete and fractional Fokker-Planck equations.

1.5. Noration. — For a (measurable) moment function v : R? — R, , we define the
norms

k
1oy = 1 Pl 1 ey = SN0y 21,
=0

and the associated weighted Lebesgue and Sobolev spaces LP(v) and W*P(v), we
denote H*(v) = W"2(v) for k > 1. We also use the shorthand L? and WP for
the Lebesgue and Sobolev spaces LP(v) and W1P(v) when the weight v is defined as
v(@) = ()", (@) = (1+ o) 12

We denote by m a polynomial weight m(x) := (x)? with ¢ > 0, the range of
admissible ¢ will be specified throughout the paper.

In what follows, we will use the same notation C' for positive constants that may
change from line to line. Moreover, the notation A ~ B shall mean that there exist
two positive constants C, Cy such that C1 A < B < CLA.

2. FROM DISCRETE TO CLASSICAL FOKKER-PLANCK EQUATION

In this section, we consider a kernel k& € W2 N L} which is symmetric, i.e.,
k(—z) = k(x) for any = € R%, satisfies the normalization condition

1 1
(2.1) / k(x) x dr=10 |,
R TR x 21y

as well as the positivity condition: there exist kg, p > 0 such that
(22) k 2 Ko ]13(07/7)'

We define k.(z) := 1/e%k(z/e), x € R? for € > 0, and we consider the discrete and
classical Fokker-Planck equations

of = Eiz(ks*f—f)—i—div(xf) = A.f, >0,
Of = Af +div(af) =: Aof.

(2.3)

JE.P.— M., 2017, tome 4



396 S. Miscnrer & 1. Tristant

The main result of the section reads as follows.

Tueorem 2.1. Assume r > d/2 and consider a symmetric kernel k belonging to
W2 N Ly, 5 with ro > max(r +d/2,5+ d/2) which satisfies (2.1) and (2.2).

(1) For any € > 0, there exists a positive and unit mass normalized steady state
G. € L} to the discrete Fokker-Planck equation (2.3).

(2) There exist explicit constants ag < 0 and g9 > 0 such that for any e € [0,&¢],
the semigroup Sa_(t) associated to the discrete Fokker-Planck equation (2.3) satisfies:
for any fo € Lt and any a > ao,

184, (t)fo — Gelfo)llr < Cae™ | fo — Ge(fo)]

for some explicit constant C, > 1. In particular, the spectrum L(A;) of A. sat-
isfies the separation property Y(A:) N Do, = {0} in LL, where we have denoted
D, :={¢ eRY; Reé > a}.

Ll Vt}O,

The method of the proof consists in introducing a suitable splitting of the opera-
tor A; as Ac = A. + B, in establishing some dissipativity and regularity properties
on B. and A.Sp. and finally in applying the version [11, 7] of the Krein-Rutman
theorem as well as the perturbation theory developed in [8, 15, 7].

2.1. SerirTing oF A.. Let us fix Y € D(R?) radially symmetric and satisfying
10,1 < x < 1p,2)- We define xr by xr(z) := x(z/R) for R > 0 and we denote
Xg =1—Xr.

For € > 0, we define the splitting A, = A, + B, with

Acf = M (ke * f).
Bof = (g = M) (ke f = ) MG (ke f = )+ div(ef) — Mxn f,

for some constants M, R to be chosen later. Similarly, we define the splitting
Ao =Ag+ By with Ayf = M xgf and thus Byf = Agf — M xgrf for some
constants M, R to be chosen later.

2.2. UNIFORM BOUNDEDNESS OF A,

Levma 2.2, — For any p € [1,00], s = 0 and any weight function v > 1, the opera-
tor Ac is bounded from W*P into W*P(v) with norm independent of .

Proof. For any f € LP(v), we have

[Afller ) < Cllke  flle < Clflzo-

thanks to the Young’s inequality and because ||k.||,r = ||k||zr = 1. We conclude
that A, is bounded from LP? into L?(v). The proof for the case s > 0 is similar and it
is thus skipped. O
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2.3. UNIFORM DISSIPATIVITY PROPERTIES OF 3. We recall that m(x) = (z)9.

Lemma 2.3. — Consider p € [1,2] and g > d(p—1)/p. Let us suppose that k € L}Dq_H.
For any a > d(1 —1/p) — q, there exist eg > 0, M > 0 and R > 0 such that for any
€ € [0,e0], Be — a is dissipative in LY, or equivalently

(2.9 (B — ), @/(£)) 5 <0, V] € DES, &(f) = |f°/p.
Proof. — We split the operator in several pieces
Bof = (5 — M) (hes = F) 4 M (hes f — 1)
+div(zf) — M xp f =Bl +--+ B2,
and we estimate each term
Tyim (B (g = [ (BLF) G ) 117"

separately. From now on, we consider a > d(1 — 1/p) — ¢, we fix e; > 0 such that
M < 1/(2¢%) and we consider ¢ € (0,¢1].
We first deal with T;. We observe that

(2.5) (f(y) = f(2))sign(f(x)) [fP~"(z) < %(If\p(y) = |fP(=)),

using the convexity of ®. We then compute
1
D= (-M) [ k=) ()~ F@) @) o) dy o
3 R xRd

1,1 p P — mP(x X
< (z-m) /quf\ (v) — |fP(x)) ke(z — y)mP(2) dyd

- l(i — M) /RdXRd (mP(y) — mP (@) ke(z — y) | fIP(z) dy dz,

p\e?
where we have performed a change of variables to get the last equality. From a Taylor
expansion, we have

m?(y) —mP(z) = (y — z) - VmP(z) + O(z,y),

where

2
< Clo—y|* (@)P972 (z — y)PI72,

0@y < & / |D2mP (2 + 8y — 2))(y — 2,y — )| d

for some constant C' € (0,00). The term involving the gradient of m? gives no contri-
bution because of (2.1) and we thus obtain

2
f<o (M) [ k- B gy et e
R4 xR4

(2.6)
f1P(x 2)PI2 dg.
<C/Rd||()<> d
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398 S. Miscnrer & 1. Tristant

We now treat the second term T5. Proceeding as above and thanks to (2.5) again,

we have
T, = / M X (@) ke — 9) (F(y) — F(2)) @ (f(2)) P (x) dy da
R4 xR4
<X e e+ ) mP (o + e2) — xa(@) mP(2)} dz | ()] dy.
P JrixRrd

Using the mean value theorem
Xz +ez) = xi(x)+ez- Vxi(z+0ez2), mP(x+ez) =mP(x)+ez- VmP(z+6ez),
for some 0,6 € (0,1), and the estimates
IVXRI < Cr and  |[VmP(y+0'cz)| < C (y)P " ()P,
we conclude that

(2.7) T2<MC’RE/ | f|P mP.
R4

As far as T3 is concerned, we just perform an integration by parts:

T=d [ @@= [ 15@P dilen?) @) ds

= [ s@p e (a1 5) - 250 o

The estimates (2.6), (2.7) and (2.8) together give

(2.8)

/ p z)|[P mP(x x) 2 ﬁ alol
[ Brvnmr < [ 1@ <>(c<> =

+MCR€—MXR)d

/ |fPm? (%, — M xr),
where p’ = p/(p — 1) and we have denoted
qlz

(x)?
Because z/ﬁ?p( x) = d/p’ — q when ¢ — 0 and |z| = oo, we can thus choose M > 0
R > 0 and gy < &7 such that for any € € (0, &g],

Vr e Rd7 wR,p(x) <a

As a conclusion, for such a choice of constants, we obtain (2.4). We refer to [5, 9] for
the proof in the case € = 0. O

|z

(2.9) Ypp(r) =C (x)7% + I% - + MCre.

Lemwvia 24, — Let s € N and ¢ > d/2 + s. Assume that k € Ly, . Then, for any
a > d/2—q+ s, there exist &g > 0, M > 0 and R > 0 such that for any € € [0, eq],
B. — a is hypodissipative in H.

Proof. The case s = 0 is nothing but Lemma 2.3 applied with p = 2. We now deal
with the case s = 1. We consider f; a solution to

Ocft =B fi fo= 1.
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From the previous lemma, we already know that

1d .
(2.10) §%||ft||2Lg < /Rd fim? (¢R,2 — Mxg) .

We now want to compute the evolution of the derivative of f;:

00y fr = B(0y ft) + M 05 (XR) (ke * ft — ft) + Oufr
which in turn implies that

1d
—— |0, fe |3 =/ Ouft) 04 (0p f) m?
2dt” fillzz Rd( ft) 0(0x fr)

= [ @) B+ [ 2 0:06) (e + 1) 0.
— [ 0,060 fe @ty + [ (@ufPm?
R4 Rd
= T1 +T2+T3+T4.

Concerning T7, using the proof of Lemma 2.3, we obtain
(2.11) T < / (0afe)* m® (Vi — M XR) -
Rd
Then, to deal with T5, we first notice that using Jensen’s inequality and (2.1), we
have

2
I 1z = [ ([ 5o =) Sy ) ) o

<[ hle-ymia)da ) dy
R xR4

— [ Komiy e ds ) dy
R x R4

<C k(z)m?(2) dz f2m?

R4 R4
We thus obtain using that k € Léq:

ke = fllzz < C | fllrz.

The term T5 is then treated using the Cauchy-Schwarz inequality, Young’s inequality
and the fact that |0,(x%)| is bounded by a constant depending only on R:

Ty < M Cr ke #5 fell 22110z full L2
(2.12) < M Cr | fellz2l10x fill 2
<M CrK Q| filliz + M Cr ¢[10: fill

for any ¢ > 0 as small as we want.
The term T3 is handled using an integration by parts and with the fact that |02 (x%)|
is bounded with a constant which only depends on R:

M M
(213)  Ty=5 [ 920G f2m® G [ 9:) 57 0um®) < M Cr il
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1

Combining estimates (2.11), (2.12) and (2.13), we easily deduce

(14) 5 G109 AIE; < Crsc [ fom
+ /d(azft)%n2 (Vo +MCRrC+1—Mxg).
R
To conclude the proof in the case s = 1, we introduce the norm

1715y = 102 +n00uf2, 5> 0.
Combining (2.10) and (2.14), we get

(215) 5 Al < [ 52w (Wha +nCroar — M)

—&—n/Rd(awft)QmQ (w%)Q—FMCRC—f— 1 _MXR) .

Using the same strategy as in the proof of Lemma 2.3, if a > d/2 — ¢ + 1, we can
choose M, R large enough and (, ¢, 17 small enough such that we have on R?

Vio+1Crae—Mxr<a and ¢x,+MCr(+1-Mxp<a
for any € € (0, &¢], which implies that

H'fthl < allfellz;-

2 dt
The higher order derivatives are treated with the same method introducing a similar
modified H; norm. O
2.4. Untrorm B.-POWER REGULARITY OF A.. — In this section we prove that A.Sp_

and its iterated convolution products fulfill nice regularization and growth estimates.
We introduce the notation

1
(216) L) =5 [, (@) = f@) kel ) dudy,
€% JRdxRd
Lemma 2.5. — There exists a constant K > 0 such that for any e > 0, the following
estimate holds:
(2.17) IV (ke )72 < K I(f)-
Proof
Step 1. — We prove that the assumptions made on k imply
~ 1-%
(218) ROP <Kl veers

for some constant K > 0. On the one hand, we have E(O) =1, E(f) € R because k is
symmetric and k € Co(R?) because k € L. Moreover, performing a Taylor expansion,
using the normalization condition (2.1) and the fact that k € L1, we have

k(€) =12+ O(le]®), VeEeR™
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We then deduce that (2.18) holds with K = 1 in a small ball £ € B(0,d). On the
other hand, for any £ # 0, we have

k(&) = /E k(z) cos(€ - ) dz + / k(z) cos( - ) d

B¢
</ k(x)dz+/ k(z)dx =1,
Ee E¢
where Ee := {x € RY ; z-¢ € (0,7), |z < r} so that k(z)cos(é - z) < k(x)
for any x € E¢ from (2.2). Together with the fact that k& € Co(R?), we deduce
that 1 — k(&) = n > 0 for any £ € B(0,6). Last, because k € W11, we also have

12 [k(&)2 = \ﬂ(fﬂz < C for any ¢ € R%. We then deduce that (2.18) holds with
K = C/n in the set B(0, ).

Step 2. — From the normalization condition (2.1), we have
1
L(f)= 55 (@) ke(z —y)dad *(y) ke(x —y) da d
D=5z [ P@ka-pdedt g [ POy
1
- f@)f(y) ke(z —y) dz dy

R4 xRd
=;(/Rdf2—/w(k5*f>f>.

As a consequence, using Plancherel formula and the identity k. (&) = k(< €), V¢ € R4,

we get
1 . 1-—k
L(f) = (/Rde f/Rd ksP> = Rd?(g) 52(55) d.

Then, we use again Plancherel formula to obtain

(2.19) 02 (ke # £)172 = |17 (02 (ke = F)Z2 = / el R(eg) 7
We conclude to (2.17) by using (2.18). O

We now introduce the following notation A := 1/(2K) > 0 and go into the analysis
of regularization properties of the semigroup A.Sz. (t).

Leyma 2.6. Consider s1 < s2 € N and q¢ > d/2 + so. We suppose that k € L%q+1'
Let M, R and gq so that the conclusion of Lemma 2.4 holds in both spaces H;' and
Hg2. Then, for any a € (max{d/2 — q + s3, —A},0), there exists n € N such that for
any € € [0, 9], we have the following estimate

1(AS8.) ™ ()| oz prz2) < Cae®,

for some constant C, > 0.
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Proof. — We first give the proof for the case (s1,s2) = (0,1). We consider a €
(max{d/2 —q+1,—A},0), ap and «a; such that a > ap > ag > max{d/2—q+1,—-)\}
and f, := Sp_(t)f with f € L2, i.e., that satisfies

Ofe =Befe, fo=1

From the proof of Lemma 2.4, there exists £g such that for any € € (0,¢¢], we have

1d 1,1
sl <—5(Z M) [ G0 =10 ke =) m* @) dydo + oo | il
1
<—gz [, U0) = F@) ko =) dyde + oo il

1
< —5 L0 + o il
where we have used that M < 1/(2¢2) for any ¢ € (0, £0]. Using Lemma 2.5, we obtain
d 2 2 2
D82 < 27k w2 £l + 200 1512
<200 [k %2 filld + 200 il

Multiplying this inequality by e=2%0t it implies that

d

(172l e7200) < 200 e 0 fllf €20t

and thus, integrating in time
t
I 20t =200 [ e va £le 0 ds < 112,
In particular, we obtain
o 1
(2.20) | s e as <~ 11

‘We now want to estimate

[ IASs )10 s = [ AL Ize 0 ds+ [ 00 (Af) [ e ds
0 q 0 a 0 z
e 0o
< / ||AEfSH%2 e~ 2008 g + / HMaw(XR) ke %4 ‘]!‘S”%2 e~ 2008 g
0 a 0 q

o0
+ / 1M Do (ke o £2) 2 e=200% ds
0 q
=11+ 1+ Is.

Using dissipativity properties of B. and boundedness of A., we get

oo
< [ et s f3, < I
0
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We deal with I using the fact that M3, (xg) is compactly supported, Young’s in-
equality and dissipativity properties of B.:

o0 oo
L€ / (| ke s f8||2L2 e #0%ds < C / Hsz%?@izaos ds
0 0

<C [ e s f < Cfl;.
0 q q
Finally, for I3, we use (2.20) to obtain

oo
B [ s flf et ds < Ol
0

All together, we have proved

[ 1ASa )l e 2 ds < C 17
0

Consequently, using the Cauchy-Schwarz inequality, we have

(A|M£a@m@amw)

< [z, ) g m2o0m s [ om0 gy
0 0
<CIfI,.

2

(2.21)

From the dissipativity of B. in qu proved in Lemma 2.4 and the fact that A, is
bounded in Hj, we also have

[ A=Sp. ()l a2 my e”* < C, Vs> 0.

Using the two last estimates together, we deduce that for any ¢ > 0
t
1(AS5.) 2 (0 f a2 < / 1A S5, (t = $)|| 13—z 1A S, (5) f | my ds
0

gCeat/ e " A-Sp.(s)f| 1 ds
0
<Ce | fllrz.

We have thus proved
1(AS5.) " ()| 22 m1 < C e,

which corresponds to the case (s1,$2) = (0,1).
Using the same strategy, we can easily obtain that

| 148, (9 g e ds < C 1

for any s > 2, and then conclude the proof of the lemma in the case € > 0. We refer
to [5, 9] for the proof in the case e = 0. O
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Levmva 2.7, Consider ¢ > d/2, k € L%q+1 and M, R, €y so that the conclusions of
Lemma 2.3 hold. Then, for any a € (—q,0), there exists n € N such that the following
estimate holds for any € € [0,&0]:

V20, [(AS5.)"" () mws,12) < Cae™,
for some constant C, > 0.

Proof. We first introduce the formal dual operators of A, and B,:

A= hex (Mxn ), Blo = (ke 6= 0) — - V6 — ke s (Mxo).

We use the same computation as the one used to deal with 77 is the proof of Lemma 2.3
and the Cauchy-Schwarz inequality:

i 1
[oo<—os [ ke -n)(0) - o) dyda

S @) - Fe) ke -y dyds
R4 xRd

2e2
d 2
+5 [ O+ lkex (Mxr @)z ]2
R

We then notice that the second term equals 0 and we use Young’s inequality and the
fact that ||kc||Lr = 1 to get

[Eao<- [ ko000 - o) dyda

252 Rd xRd

+

d 1 1
45 [0+ 3 xRl + 3ol
Rd
<-L@)+C [ ¢
Rd

where I is defined in (2.16). We also have the following inequality:

Lird) < / ke(@ = y) ¢*(2) (xr(y) — xr())* dy dz
R4 xR4
+ Eiz ke(z —y) Xz (y) (6(y) — d(x))* dy da
R4 xRd

< cquRnoo/Rd 62+ 21.(6).

If we denote ¢; := Sp: (t)¢, we thus have
1d
2 dt
Multiplying this inequality by e~

Ipell7e < =Allke * (xr @) I3 +blleell72, &> 0.

b we obtain

d _ -
= loell7z e ") < =2k * (xr @) |7 e VE0,

and integrating in time, we get

t
222)  ledEe ™ 2h [ ko ol M ds < [0l vt 30,
0
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We now estimate
t t

14 S (5) s e s = [ 1Az 6 e as
0 0

t t
= /0 ke * (M xr %)H%z e b ds +/0 |ke * (M xr (;53)”%1 e=2bs go

Using Young’s inequality and (2.22), we conclude that

|14 S0 6l e ds < ol
As in the proof of Lemma 2.6, for any s > 1, we can then establish that
(A2 Sp:) 2 (1) || p2sms < C ¥, WE20, Ve € (0,e0),
for some b > 0, and by duality
1054 )52 ()| r—ssz2 < C ¥, V=0, Ve € (0, &)

Taking ¢ > d/2, so that we can use the continuous Sobolev embedding L' ¢ H~*, we

obtain ,
1(S8..4.) "2 ()| 122 < C eV

Noticing next that
(AESBE)(*(%H)) = A, (SBEAE)(*(%)) * S,
and using the fact that A. is compactly supported combined with Lemma 2.3, we get
(AS5)CCH @)1y s
< Aellzzorz {108 A) D ()52 %0 198, (lpa— o1 H(2)
<o,
for some b’ > 0. To conclude the proof, we use [5, Lem. 2.17]. Indeed, up to taking

more convolutions, we are able to recover a good rate in the last estimate. We refer
to [5, 9] for the proof in the case e = 0. O

2.5. Convercences A. — Ag anxp B, — By.

Lemvia 2.8, — Consider s € N, ¢ > 0 and k € L§q+3, The following convergences
hold:

H.AE — AO||%(H§+1,H5) E) 0 and ||Bg - BOH%’(H;'JN)’H;) E} 0.

Proof
Step 1. — We first deal with A in the case s = 0. Using that y € D(R?) and k € L},
we have

[Aef = Aofllrz = M xr (ke * f = f)mlrz < C ke = f = f|[2
= Cll(ks = 1) fllzz < Ce £l
Concerning the first derivative, writing that

Oe(Acf — Aof) = M (OuxR) (ke * [ = ) + M XR (ke * 0o f — 0af)
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and using that 0, x g is uniformly bounded as well as xg, we obtain the result. We
omit the details of the proof for higher order derivatives.

Step 2. — In order to prove the second part of the result, we just have to prove
[Ae — AO||@(H§+3,H;) E) 0.

Using (2.1), we have
Acf(z) — Aof(z) =

A Taylor expansion of f gives

3 [ bl = 0)() - fa)) dy — Afo).

e? Jg

F) ~ @) = (v~ ) VI (@) + 5 D)y — 2y~ 2)

3 [ Q=D @t sty =)y =y oy —a)ds

We then observe that, because of (2.1), the integral in the y variable of the gradient
term cancels and the contribution of the second term is precisely A f(x). We deduce
that

3

Acf(z) — Aof(z) = 3 /]Rd k(z)/o (1 —8)2D3f(x + sez)(z,2,2) ds dz.

Consequently, using Jensen’s inequality and the fact that k& € Léq 13, We get

1
Az — Agl|32 < 052/ / k(z) |z|3/ |D3 f(x + se2)|* m*(z + sez) m*(sez) dsdz dx
! Re JRd 0
<CE||fl —

This concludes the proof of the second part in the case s = 0. The proof for s > 0
follows from the fact that the operator d, commutes with A, — Ag. O

2.6. SPECTRAL ANALYSIS

Lemma 2.9, — For any e > 0, AX1 =0 and A; satisfies Kato’s inequalities:

VfeDA:), A (B() 2 B()(Af), B(s)=]s].

As a consequence, for any ¢ = 0 and any € > 0, the semigroup Sa_ is mass preserving,
it is a semigroup of contractions in L' and it is positive in L(ll, in the sense that
SA.(t)fo =0 for any t >0 if fo € Ly and fo > 0.

Proof. — First, we have
sign f(0) A (@) = 55 | kela =) (1) = F(a) dysizn ()

+d () sign f(2) + 2 V (@) sign f(2)
ke =) (1)~ 1F1(2)) dy + d1f1(2) + 2 V11(2) = Acl I Ge),

which ends the proof of the Kato’s inequality.

1

<7
52 Rd
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We consider fp < 0 and denote f; := Sy, (t) fo. We define the function 8(s) = sy =
(Is| + s)/2. Using Kato’s inequality, we have 9;5(f;) < A:B(ft), and then

0</Rd6(ft)</wﬁ(fo):0, Vi,

from which we deduce f; < 0 for any ¢ > 0. Similarly, Kato’s inequality with 8(s) := |s|
and A1 = 0 yield the contraction property in L! and the conservation of mass. [

The operator —A, satisfies the following form of the strong maximum principle.

Lemma 2.10. — Any nonnegative eigenfunction associated to the eigenvalue 0 is pos-
itive. In other words, we have

fED(AE), Acf=0, f20, f#£0= f>0.

Proof. — We define
1 1
Cf=Zkexf, Df=x-Vof+Af, Ai=d——
€ €
and the semigroup
Sp(t)g = g(e'z) e

with generator D. Thanks to the Duhamel formula

Sa.(t) = Sp(t) + /0 Sp(s)CSA(t — s)ds,

the eigenfunction f satisfies
t
f=50(t)f = Sp(t)er/ Sp(s)CS. (t — 5) ds
0

t
2/Sp(s)Cfds Vit > 0.
0

By assumption, there exists zo € R? such that f # 0 on B(zo, p/2). As a consequence,
denoting ¥ := || f||1(B(z0,p/2)) > 0, we have

K‘,o’lg
Cf= 2 1 B(20,0/2)5

and then

Ko U ¢
(2.23) f= ;)7 igg/o N U (e-sagetp/2) 45 > Kilp(eg pa), K1 > 0.

Using that lower bound, we obtain

Ro Ki—1

Cf > 0d 2 ]lB(;co,u,;p)v and then f 2 K:i]lB(xoﬂJm)’

with i = 2, ug = 1, k3 > 0, vy = 3/4. Repeating once more the argument, we get the
same lower estimate with ¢ = 3, ug = 7/4, k3 > 0 and v3 = 3/2. By an induction
argument, we finally get f > 0 on R%. O
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We are now able to prove Theorem 2.1. In a first step, instead of applying directly
the version of Krein-Rutman theorem established in [11] (see also [7]) and in order
to be a bit more self-contained and pedagogical, we rather follow the same line of
proof as for [11, Th. 5.3] but we perform some simplification by taking advantage of
the mass conservation property.

Proof of part (1) in Theorem 2.1. — We fix X := HS |, and we define eg(t) := e for

any 8 € R. We start observing that, because of Lemmas 2.2, 2.3 & 2.4, for any m > 0
and a € (d/2+5 —10,0)

Sp. * (A.Sp.)*™e_, is bounded in L=(R,; B(X)),

uniformly in € > 0, and because of Lemmas 2.2, 2.7 & 2.6, there exists n > 0 such
that for any a € (—¢,0),

(Sp.A)*™Me_, is bounded in L= (R, ; B(L', X)),
uniformly in € > 0. Using the iterated Duhamel formula
S, = Sp. + -+ Sp. % (ASp,) D) 4 (S5, A) M xS,

the fact that Sa_ is a semigroup of contractions in L' from Lemma 2.9 and the two
above estimates, we deduce that Sy _ is a bounded semigroup in X. As a consequence,
the new norm defined by

VieX, [Ifll=supllSc(t)fllx
t>0

is equivalent to the usual norm of X. For a given 0 < go € X, (go) = 1, we define
C :=|||go||l and next the set

c={fex;s>0 (=1 lfl<c},

which is not empty (e.g. go € C), convex and compact for the weak topology of X.
Moreover, thanks to Lemma 2.9, the flow is continuous for the L' norm and preserves
positivity and total mass. By construction, we see that for any fy € C and t > 0, we
have

l1Sa. (&) folll = sup [[Sa. () foll x < sup [1Sa. (5)follx = Il folll < €

All together, the set C is clearly invariant by the flow S _. Thanks to a standard variant
of the Brouwer-Schauder-Tychonoff fixed point theorem (see for instance [3, Th.1.2]),
we obtain the existence of an invariant element G, for the discrete Fokker-Planck
flow which furthermore belongs to C. In other words, we have G, € D(A.) ~ {0} and
A.G. = 0, so that G. is a stationary state for the discrete Fokker-Planck equation.
The uniqueness of the normalized and positive steady state G. as well as the fact
that the punctual spectrum Xp(A.) of A, satisfies Xp(A.) N Ag = {0} then follow
from the weak and strong maximum principle as stated in Lemmas 2.9 & 2.10. We
refer to the proof of [11, Th. 5.3] (see also [6, 12]) where these classical arguments are
presented.
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Proof of part (2) in Theorem 2.1. — We still denote X = HY || and we now consider
the semigroup Sa, as acting on L. We observe that from Lemmas 2.2, 2.3 & 2.4 for
any m > 0 and a € (max(—r,d/2 + 5 —r,0)),

(2.24) Sp. * (A:S5.)*™e_, is bounded in L= (R, ; B(L})),

T

uniformly in € > 0, and that Lemmas 2.2, 2.7 & 2.6 also implies that there exists
n > 0 such that for any ¢ € [0,7], a € (—r,0),

(2.25) (A-S5.)"Me_, is bounded in L (Ry; Z(L,, X)),

uniformly in € > 0, where it is worth emphasizing that X C D(A.) and X has compact
embedding into L!. Using the iterated Duhamel formula

(2.26) Sa, =8B, + -+ 5B, * (.AESBE)(*(n_l)) + Sh, * (AESBE)(ML)
and the corresponding identity at the level of the resolvent
Ry, =Rp. + -+ (=1)""'Rp.(A-Rp.)" " + (—=1)"Ra.(A-Rp.)",

where we recall that for an operator L its resolvent is defined by Ry (2) := (L — 2)~1
for any z € C\ X(L), together with the estimates (2.24) & (2.25), it has been estab-
lished in [11] the following versions of Weyl’s Theorem and of the spectral mapping
theorem (see in particular [11, Th.2.1], [11, Th.3.1] and their proof). First, for any
a € (max(—r,d/2+5—1,0)), the set X(A;) N D, is discrete. As a consequence, there
exists a € (max(—r,d/2 +5 — rp,0)) such that

Y(A:)N D, = {0}, TRy, is bounded on D,_,

where I1} := I —II. and II. stands for the projection onto the null space of A., that
is II. f = (f)G. for any f € X (notice that L. C X). Next, there exists Cc > 1 such
that

(2.27) 1Sa. L[| (1) < Cee®, Va>a., Vt>0.

We now have to establish that estimate (2.27) can be obtained uniformly in
€ € [0,ep]. In order to do so, we first use a perturbation argument to prove that our
operator A, has a spectral gap in Hf’o which does not depend on e.

We introduce the following spaces:

X = Hfo-i—l C Xo:= Hfo CX_1:= L12”0'

It is worth noticing that ro > d/2 + 5 implies that the conclusion of Lemma 2.4 is
satisfied in the three spaces X;, i = —1,0,1 and that the following embeddings hold
true
X1 C Hp g C Drz (Ae) = Dz (B:) C Diz (A:) C Xo,

where here Dx (L) stands for the domain of the operator L when considered as acting
in the space X.

Collecting the estimates obtained in Lemmas 2.8, 2.2, 2.3, 2.4, 2.6 and the spectral
information available on the classical Fokker-Planck operator as established in [5, 9],
we see that there exist ag < 0 and €9 > 0 such that for any ¢ € [0, &g
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(i) For any i = —1,0,1, A, € $(X;) uniformly in €.
(ii) For any a > ag and £ > 0, there exists Cy, > 0 such that

Vi=-1,0,1, Yt>0, [Ss *(AS5.)"))llzx. x,) < Crae™
iii) For any a > ag, there exist n > 1 an n.a > 0 such that
F y h 1 and Cy, 0 h th
Vi= _1707 ”(AESBE)(*H) (t)HBB(Xi,XHl) < C’ﬂ,a eat.

(iv) There exists a function 7(e) — 0 such that
E—r

Vi=-1,0, [A: = Aollax,x,) <ne) and |[B: = Bollzx,.x,_.) <1(e)-
(v) B(Ao) N Dy, = {0} in the spaces X;, i = —1,0, 1, where 0 is a one dimensional
eigenvalue.

Using a perturbative argument as in [15], we deduce from the facts (i)—(v), that
there exist ag < 0 and g9 > 0 such that for any € € [0, 0], the following properties
hold in Xy = HEO:

(1) 2(A:) N Dy, = {0} in Xo;

(2) for any fy € Xo and any a > ayo,

(2.28) 184, (£) fo = Ge(fo)llxo < Cae™ [lfo — Ge{fo)llx,, VE=0

for some explicit constant C, > 0.

We do not give more details on that perturbation argument here and we rather refer
to the last section, where a similar but more general proof will be given with full
details.

To conclude the proof of Theorem 2.1, we use an enlargement argument as intro-
duced in [5, Th. 2.13]. More precisely, we immediately conclude by using the iterated
Duhamel formula (2.26) written as
(229)  Sa I =2 Sp, + - + 1285, * (ASp,) ") + (IS4, ) * (A-S5,) "

together with the estimates (2.24), (2.25) and (2.28) in order to control the decay of
each term.

3. FroMm rracTIONAL TO crAssicAL FOkkeER-PLANCK EQuATION
In this part, we denote o := 2 — ¢ € (0,2] and we deal with the equations
Of = —(=0)2f +div(zf) = Ae—af = Laf, a€(0,2)
8tf = Af + le(l‘f) = Aof = £2f

We here recall that the fractional Laplacian A®/2 f is defined for a Schwartz function f
through the integral formula (1.2). Moreover, the constant ¢, in (1.2) is chosen such

that
ca/ z% 1
2 Jiz<a f2ldre ’

(3.1)
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which implies that ¢, =~ (2 — a). By duality, we can extend the definition of the
fractional Laplacian to the following class of functions:

{£etham; [ 1r@lwtedr <o),

In particular, one can define (—A)*/?

m(x) = (x)7).

We recall that the equation 0,f = L,f admits a unique equilibrium of mass 1
that we denote G, (see [4] for the case a < 2). Moreover, if a < 2, one can prove
that G, (7) =~ (x) =97 (see [14]) and for o = 2, we have an explicit formula Gy(z) =
(27)~%/2¢=12*/2 The main result of this section reads:

m when ¢ < « (where we recall again that

Tueorem 3.1. — Assume ag € (0,2) and q < og. There exists an explicit constant
ag < 0 such that for any o € [ag,2], the semigroup S (t) associated to the frac-
tional Fokker-Planck equation (3.1) satisfies: for any fo € Lé, any a > ag and any
a € oo, 2],

1Sc. () fo — Galfo)llLy < Cae®||fo — Galfo)llL, YE=0

for some explicit constant C, > 1. In particular, the spectrum (L) of L4 satisfies
the separation property X(Lq) N Dq, = {0} in L} for any o € [ag, 2].

3.1. ExproNentIAL DECAY IN L2 (G 1/ %). We recall a result from [4] which establishes

an exponential decay to equilibrium for the semigroup S, (t) in the small space
LGP,

Turorem 3.2. — There exists a constant ag < 0 such that for any « € (0,2),
(1) in L3(Ga'/?), there holds ©(La) N D, = {0};
(2) the following estimate holds: for any fo € L2(G;1/2) and any a > ag,
HS‘C’L! (t)fo - Ga(f())HLz(Ggl/Q) < eat ||f0 - Ga<f0>||L2(G;1/2)’ Vi > 0.

3.2. SPLITTING OF L, AND UNIFORM ESTIMATES. The proof of Theorem 3.1 is based
on the splitting of the operator L, as L, = A + B,, where A is the multiplier
operator Af := M xgrf, for some M, R > 0 to be chosen later, and an extension
argument taking advantage of the already known exponential decay in L?(Gq Y 2).

As a straightforward consequence of the definition of A, we get the following esti-
mates.

Lemwva 3.3, — Consider s € N and p > 1. The operator A is uniformly bounded in «
from W5P(v) to WP withv =m orv = G2

We next establish that B, enjoys uniform dissipativity properties.

Lemvia 3.4. — For any a > —q, there exist M > 0 and R > 0 such that for any
a € o, 2], By — a is dissipative in Lé.
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Proof. — We just have to adapt the proof of Lemma 5.1 from [14] taking into account
the constant ¢,. Indeed, we have

[ (eapsignsms [ £ may (Telrde) Vil g,

m(z) m(x)

We can then show that thanks to the rescaling constant c,, Io(m)/m goes to 0 at
infinity uniformly in « € [ag,2). As a consequence, if a > —q, since (z - Vm)/m goes
to —q at infinity, one may choose M and R such that for any « € [ayg, 2),

L(m)(z) o Vm(z)

— Mxg(z)<a, VzeRY

m(z) m(z)
which gives the result. O
Lemva 3.5. — For any a > ag, where ag is defined in Theorem 3.2, B, — a is dissi-

pative in LQ(G,ZI/Q).
Proof. — The proof also comes from [14, Lem. 5.1]. O
We finally establish that ASp_ enjoys some uniform regularization properties.

Lemma 3.6. — There exist some constants b € R and C > 0 such that for any o €
[, 2], the following estimates hold:
bt

Vt 2 07 ||SBa (t)||~93(L17L2) < C td/2ao :

As a consequence, we can prove that for any a > max(—gq,ag), a € [ag, 2],

(3.2) Vi=0, ||(A SBQ)(*")(t)||@(L;7L2(G;1/2)) < Ce,

Proof. — We do not write the proof for the case o = 2, for which we refer to [5, 9].

Step 1. — The key argument to prove this regularization property of Sg, (t) is the
Nash inequality. For a € [, 2), from the proof of [14, Lem. 5.3], we obtain that there
exist b > 0 and C' > 0 such that for any « € [ag, 2),
bt
V20, [Su, 0l < C s Il
Step 2. — Using that A is compactly supported, we can write

ebt

[ASB, (&) fllL2 < CSB. () fll2 < C 7/ @a0) ANz

Using the same method as in [5], we can first deduce that there exists £y € N, v € [0, 1)
and K € R such that for any «a € [ag, 2],

. 6bt
1(AS5.) (1) fll 27172y < € ISy

We next conclude that (3.2) holds using [5, Lem. 2.17] together with Lemmas 3.4
and 3.3. O
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3.3. SPECTRAL ANALYSIS. Before going into the proof of Theorem 3.1, let us notice
that we can make explicit the projection II, onto the null space through the following
formula: 11, f = (f) G,, for any f € Lé. Moreover, since the mass is preserved by the
equation Oy f = L, f, we can deduce that I1,(S¢_(¢)f) =1, f for any ¢ > 0 and any
felL].

Proofof Theorem 3.1. — We use the enlargement argument for each a € [ay, 2] ex-
actly as in the end of the proof of part (2) in Theorem 2.1, by taking advantage of the
several estimates established in Theorem 3.2 and in Lemmas 3.3, 3.4, 3.5 and 3.6. [

4. FROM DISCRETE TO FRACTIONAL FOKKER-PLANCK EQUATION

Let us fix a € (0,2). We consider the equations

(4.1) {atf = ke f — |[kellpn f + diva(af) = Acf, € >0,

Of = —(=A)*2f + dive(2f) = Ao,
where

ke(®) = Legiai<iye ko(x) + Lgj<c ko(e),  ko(z) := || 747
Notice that

(4.2) Ve e REN {0}, ko(x) Mho(z) as & — 0.

For a € (0,2), the fractional Laplacian on Schwartz functions is still defined
through the formula (1.2). However, since « is fixed in this part, we can get rid
of the constant ¢, and consider that it equals 1. The main theorem of this section
reads:

Treorewm 4.1. Assume 0 <1 < /2.

(1) For any € > 0, there exists a positive and unit mass normalized steady state
G. € L} to the discrete fractional Fokker-Planck equation (4.1).

(2) There exist an explicit constant ag < 0 and a constant €9 > 0 such that for
any € € [0,e9], the semigroup Sa_(t) associated to the discrete and fractional Fokker-
Planck equations (4.1) satisfies: for any fo € L% and any a > ao,

[Sa. (t) fo — Ge{fo)llLr < Cae™ |l fo— Ge(fo)llzr Yt =0,

for some explicit constant C, > 1. In particular, the spectrum %(A.) of A. satisfies
the separation property $(A.) N D,y = {0} in LL.

The method of the proof is similar to the one of Section 2. We introduce a suitable
splitting A, = A, + B., establish some dissipativity and regularity properties on B,
and A.Sg. and apply the Krein-Rutman theory revisited in [11, 7]. However, let us
emphasize that we introduce a new splitting for the fractional operator (a different one
from Section 3 and from [14]) and we also develop a new perturbative argument in the
same line as [8, 15, 7] but with some less restrictive assumptions on the operators A,
and Bg, requiring that they are fulfilled only on the limit operator (i.e., for ¢ = 0).
We finally recall that we denote m(z) = (x)¢ during the proofs.

JE.P.— M., 2017, tome 4



A4 S. Miscurer & L. Tristant

4.1. Serirrings or Ac. For any 0 < 8 < ', as previously, we introduce xg(z) :=
x(z/B), x5 =1 — xp; we also define xg,5 := xg — xp and introduce the function g

defined on R? x R? by £s(2,y) := xs(x) + xp(y) — xp(x)xs(y) and &5 := 1 — £5. We
denote Io(f) := —(=A)*/2f and I.(f) := k. * f — ||k||p1 f for e > 0. We split these
operators into several parts: for any € > 0,

15<f><x>:/des<w W) xo(@ — 1) () — (&) — x(& — 9)(y — 2) - V() dy
+ / ke(z — ) X5 (2 — ) (F(y) — f(2)) dy

Rd

4 / ke(@ — )Xo (@ — 1) () — F(2)) €5z, ) dy

d

%

= [ ke =) xne =) €anlo ) dy 1 (@)

+ [ bla =) 0o =) €nle ) ) dy
= Blf+B2f+Bf +Bif + A.f,

where the constants € [g,1], R > 0 and 0 < L < 1/e will be chosen later. One
can notice that given the facts that n > ¢ and L < 1/e, we have for any ¢ > 0,
A. = Ag =: A. Finally, we denote for any € > 0,

Bif =div(zf) and B.f=Blf +Bif +B3f+Bif +B2f.

4.2. CONVERGENCE Be — By.

Lemma 4.2, Consider p € (1,00) and q € (0,a/p). The following convergence
holds:
||B€ — BO"%(W;+2’p,W;’p) < m (E) m 0, s= —2, 0.

Proof. — Let us notice that B, — By = Ac — Ag.

Step 1. We first consider the case s = 0 and we introduce the notation kg . :=
ko — k.. We compute

It = 2oty = [ | [ b0 (ot 2) = 10 = (202 V@) ds| (e o
<0 [ | hula) (=)~ 1) = @)z VI@) de|| t(a)d
RY |J]z|<1
+C . koe(2) (flzx+2) — f(z) — x(2)z - Vf(z))dz| mP(x)dz

= T1 -+ TQ.
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To deal with T;, we perform a Taylor expansion of f of order 2 and we use that
x(z) = 1if |z] < 1, in order to get

1 P
Tn<C (/ ko (%) \z|2/ (1 —5)|D*f(x + s2)|ds dz) mP (z) dz.
R \J|z|<1 0

From Holder’s inequality applied with the measure p.(dz) := 1), <1 ko< (2) |2|* dz, we
have

T < C (/R ,ug(dz)>p/p/ /RW (/01 |D2f(:c+sz)|ds)pu€(dz) mP (z) da

where p’ = p/(p — 1) is the Holder conjugate exponent of p. Using now Jensen’s
inequality, we get

.
e (], ue(dZ))p ’ [ D2 (@ 52) P ds e (d2) mP () da

<o ([ wet@n) [ ip2rip e an

/ e (dz) = / koo(2)|2]?dz — 0
Rd |z|<1 e—0

by Lebesgue dominated convergence theorem. To treat T5, we first notice that the
term involving V f(z) gives no contribution, because ko .x = 0 for ¢ € (0,1/2), so
that performing similar computations as for T}, we have

ngc/
R

< [ poe® dz)p/pl L oIt 2) + 1517(@) dome )

with

P
mP(z) dx

/  oeld) e +2) = fi)

<o/ me@m@) [ e s
with

/ ko c(z) mP(z)dz —— 0
|Z|>1 e—0
by the Lebesgue dominated convergence theorem again. As a consequence, we obtain

1A = 8)(Dllzg < 1E) I lwzer 1) — 0.

Step 2. — We now consider the case s = —2, and we recall that by definition
IAcf = Moflly-2r =  sup [ f(A:—Ao)*(dm)
1811y 2,pr <1 /R
= sup f(Ae = Ao)(¢m)

191l 2,7 <1 /R
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where p’ = p/(p — 1) and because (Ae — Ap)* = Ac — Ag (where A* stands for the
formal dual operator of A). For sake of simplicity, we introduce the notation

(4.4) To(x,y) = v(y) —v(z) = Vv(z) - (y — ) x(z - y).
We then estimate the integral in the right hand side of the previous equality:

7 (Ae — Ao)(@m) = / Ae ZRo)Om) ;)

< [[(Ae = Ao)(@m)/mll o 1 f -

Moreover,
(45) (Ae— Ao)(ém)(z) = (I — Tp)(ém)(x)
= (e~ )@@ m(a) + [ ko) S+ ) Tloa +2)ds

Rd
+ [ R x() s Vin(a) (6o + 2) — ola) de
Rd
We deduce that

I(A- — Ao)(em)/m|l”,, < C (||<Is — L)@,
1

* / m? (z)
1

- / m? (2)

To deal with J;, we use the step 1 of the proof which gives us
12 = 10)(@) 1o < 0Bl 1(E) = 0.

The term J is split into two parts:

1
< -
J2 s O</ (@)

’

p
dx

/Rd koe(2)p(x + 2) T (z, 2 + 2) dz

[ eI 2 Tinlo) (8o + ) — o)) ds| )
= C(J1+ J2+ J3).

’

p

dzx

/ Koo (2)(z + 2) Tra(, 7 + 2) d
l21<1
1
- / m? (2)

We first notice that for |z| < 1,

’

p

)

=: Jo1 + Jog.

/ koc(2)p(x + 2) Tz, @ + 2) dz
2131

1
Tz, + 2) = /o (1 —0)D*m(z + 02)(z,2) db,

which implies that

’

% </01 /|z|<1 ko < (2)|2]2| D*m(z + 62)||¢|(x + z)dﬁdz)p da.

Jo1 <C ;
Rd mpP
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Since 0 < ¢ < 2, |D?m| < C and 1/m? < C in R?% we thus deduce using Holder’s
inequality and a change of variable,

p/
Jan < C (/ ko< (2) 2|2 dz) 1#l7,  with / koo(2)|2]*dz — 0.
ES| ES! =0

Concerning Jog, we use |2x(z)| < C for any |z| > 1 and |Vm| < Cm in RY, and we
obtain that Jao is bounded from above by

’

c / 1( /|Z.>1’“°’E(Z)'¢'(‘”Z) (m(x + 2) +m(x) + |Vm<x>|>dz)p dz

« mP' ()

<C (/ ko< (2) |¢|(x + 2) m(z) dz)p dx,
Re \J|z|>1

which implies, using Holder’s inequality and a change of variable,

e—0

P ,
Jaa < C (/ koe(2) mP(2) dz> Iol%,  with / ko (z2) mP(z) dz — 0.
[z1>1 |z[>1

Finally, we handle J3 performing a Taylor expansion of ¢:
1
oz +2z)—o(x) = / (1=98)Vo(x+s2)-zds
0

which implies, using that [Vm|?'/m? € L*°, Holder’s inequality and a change of
variable,

|Vm|p'<x>< > [ ) )/
Jgé(/Rd P (@) /|Z|§2k0,€(z)|z| /0 |[Vé|(x + sz)dsdz ) dx

<C / koo(2) |2 dz |V, with / ko(2) 2] dz — 0.
|2I<2 |=1<2 e0
As a consequence, we obtain that

I(Ae = Ao)(@m)/ml Lo < nlE)[Dllwan s 1(e) —5 O

which concludes the proof. O

4.3. REGULARIZATION PROPERTIES OF A,

Lemva 4.3, — For any pe (1,00), (s,t) = (—2,0) or (0,2), the operator A.=Ag=A
defined in (4.3) by

af = [ tole =) xse =) éne )1 0) dy
is bounded from WP to WHP(v) for any weight function v.

Proof. — First, one can notice that
Er(@,y) xn,L(z —y) < (Xr(@) + XRY)) Xn.L(T —Y)
(4.6) < (Loi<2r + Ly<2r) Logja—yi<r
<

21y <jo—yl<2r Ljzj<a(rer) Ly|<2(R4L)s
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the proof is hence immediate in the case s =t = 0 using Young’s inequality:

IAf e ) < CIIASlle < llko Lyg<arllr [ fllzr-
We now deal with the case (s,t) = (0,2). First, we have for £ =1,2

0z (Af) (@) = / 0, (ko(z = )) 0% (xn.L(x = 9)) 0 (Er(x,y)) f(y) dy,

i+j+k=~4

and for any (¢, j,k) such that i +j 4+ k = ¢,

|0 (ko(z—y)) 8% (xn,L(z—Y)) I (Er(z,y)) | <C 0% (ko(2—y))| Ly<jz—yi<or Ljz|<2(r+1)-

As a consequence, for £ =0,1,2,

2
105 (A Loy < Z||5ik0]1n<|.|<zLHLl £l
=0

which concludes the proof in the case (s,t) = (0,2).
Finally, arguing by duality, we have

[4flir <€ s [ (apo=c s [ (a0)f

il pr <1 /R 61l <1
<C  sup |[fllw-zr [|Adllw20r < Clfllw—2r,
el pr <
which proves the estimate in the case (s,t) = (—2,0). O

4.4. DisstpaTiviTy PROPERTIES OF Be AND By
Levvia 4.4. — Consider p € [1,2] and g € (0,/p). For any a > d(1 —1/p) — g, there
existe; >0, 1n >0, L >0 and R > 0 such that for any e € [0,e1], B- —a is dissipative
in LP.

q

Proof. — We consider a > d(1—1/p) —q and we estimate for i = 1,...,5 the integral
Jua (BLF) (sign f) |fP=2 mor.

We first deal with B! in both cases ¢ > 0 and ¢ = 0 simultaneously noticing that
for any € > 0,

BHf(@) = [ (bex)a =) (F0) = f(@) = (y =) - V(@) dy

Then, using (2.5), we have

[ B iz ) |77 e

< l/ded (fP@W) = |fIP(@) = (y — ) - VIFIP (@) (ke x) (@ — y)dy mP(z) dz

P Jr

= ) = ) — (g =) - VP @) (ke o) = )y | (@)
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Using a Taylor expansion of order 2 and that pg < o < 2, we get

[ ) = @) = (= ) - V() (ke ) = )y

/]Rd / (1= 0) D*mP(z + 02))(z, ) (ke xy)(2) d0 d=

\z|2 ko(z) dz,

|z1<2n
and thus
/ (BLf) (sign f) |[fIP~' mP < Iin/ |fIPmP  with &k, ~ / ko(2) |z|? dz — 0.
R R |21<2n =0

Concerning B2, we also treat the case € > 0 and £ = 0 in a same time using (2.5):
[ (821) sign 117
R

<o [ kela =) (IP6) = 11P@) i@~y m (@) dyds

- %/Rdxnxd ko(x —1y) (mP(y) — mP(x)) x5 (z —y) |fIP(z) dy d.

We now use the fact that the function s — sP%/2 is pq/2-Holder continuous since
pq/2 < a/2 < 1 to obtain

mP(x) = m? (y)] < C |l = [ylP"* (2] + y])"*

C 'l —yP? min((|z| + & — y| + [«)P?, (y| + |2 — y| + [y))P/?)
C (mm(‘m y|pq/2|x|pq/2’ |z — y|pq/2‘y|pq/2) + |z — y|pq)

C (x —y)P min(<x>pq/2’ <y>pq/2).

N

(4.7)

NN

‘We deduce that

[ @0 Gnnirtm <o [ e [ @ d
R |2|>L
</<;L/ [fIP mP,  with an/ ko(z) mP(z) dz —— 0.
R4 |z|>L L—+o0
We now handle the third term B2 first using inequality (2.5) again:
[ B -t me
R
1
< - / ke(@ = y) xn.(x = y) Er(z,y) ([f1P(y) = [[]7(2)) m"(z) dy dx
D JRrdxRd
1

“p / Fe(2) Xn2(2) €y + 2.9) F P () (mP (y + 2) — mP () dy dz.

We then use the Taylor-Lagrange formula which gives us the existence of 6 € (0,1)
such that

mP(y +z) =mP(y) + z- VmP(y + 6z).
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Notice that there exists Cf, > 0 depending on L such that |[VmP(y+02)| < Cf, (y)P7~!
for any y € R%, |z| < 2L. We hence obtain

[ B28) G ) 5

<Cu [ k) D) €l + 200) 17 ) ) dyd

<Cp /]RdXRd k5(2> |Z| Xn,L(Z) X%(y) |f|p(y) m<1;(>y) dydz

mp
<o [ w@d [ e ™) gy,
n<lzl<2L ly>2R {y)
which leads to
. _ mP
[ wnsmpisrtor <y [ e ™ a,
R4 R4

As a consequence, we obtain

/ (Bg’f) (sign f) |fIP~' mP < HRCn’L/ |flm with kg ~ % — 0.
Rd

R4 R—+o00
We estimate the term involving B2 using that £g(z,y) = xr(x), and we get
[ @nemnirmws-[ k@i [ e
R 2n<z|<L |z|<R
Finally, using integration by parts, we have
) B 1 x - VmP(z)
B5f) (sign f) | f|? 1mp:/ flx pm”m)(d(l—f)—i)da:
| 828 Gien )11 [ Is@p ) -
Gathering all the previous estimates and denoting

ke(2)dz 1 5 <r— (d(l_l) _M>’

° = ChL—
wﬁ,L,R(x) kptKLtER Oy L / p pmP(z)

2n<|2I<L

we obtain
/ (B:f) (Signf)\fl”_lm”</ Vi, r(@) [f|P(z) mP (z) da.
R4 R4

First, since ¢, :  — d(1 — 1/p) — x - VmP(z)/pmP(x) is a continuous function,
we can bound it from above by a constant Cr depending on R on {|z| < R} for any
R > 0. We denote ¢ := d(1 — 1/p) — g which is the limit of ¢,, as |x| — co. One can
also notice that A ; := f2n<|ZI<L k.(z)dz — oo as e = 0 and n — 0. We first choose
e1>0,n>¢e1, L <1/eg and R > 0, so that we have

14 -/
|| > R = pm(x) < % and Ky + kL +KrCy L < GT.

Up to make decrease the value of 77, we can then choose €y < 7 such that for any
e €10, e0],
ky+ KL +KrRCypL+Cr— A <a.

As a conclusion, for this choice of constants, for any 2 € R? and ¢ € [0,], we have
Yy 1.r(T) < a, which yields the result. a
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Lemwva 4.5. Consider q € (0,a/2). There exists b € R such that for any s € N,
By — b is hypodissipative in Hj.

Proof

Step 1. — We first treat the case s = 0. We write By = Ag — Ap and we compute

[ary s = [ qapy fm = [ (Aop) g

= [ ot smt s [ diven) it = [ (o) po
= T1 +T2 + Tg.

Concerning T, we have
T, = / Ko(@ — ) (F(y) — f(2) = x(@ = v) (y — @) - VF(2)) f(2) m () dy do
Re x R4

=5 [, =) ()~ @) dymi@yde+ 5 [ I

Since one can prove that Io(m?)/m? goes to 0 at infinity (cf. [14, Lem.5.1]) and is
thus bounded in R¢, we can deduce that there exists C' € R, such that

<3 [ k- ()~ @yt de s C [,
R4 xR R4

We observe that
1

2 /]RdXRd ko(x —y) (f(y) — f(2))* dym®(z) dx

<=1 [ hole =9 ((Fm)s) = (fm)(@)? dyda
3 [ kala =) (mly) = m(@)? do ) dy.

We split the last term into two pieces, that we estimate in the following way:
/ _ o) (m(y) = m(@))?di 12 dy
z—y|<1

1
< / / Fo(w — y) |z — [ [Vm(z + 0(y — 2))|? dz f2(y) dydd
0 Jjz—yl<1
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We recall that the homogeneous Sobolev space H* for s € R is the set of tempered
distributions u such that % belongs to LlloC and

Julfy. = [ 6P )P de < oc,
Rd
and that for s € (0,1), there exists a constant ¢y > 0 such that

_ 2
||u||2 .= cal / (u(w) u(y)) dxdy,
Rixrd [T — Y|4t

from which we deduce the following identity:

(18)  alul.= [ (@) - uw) k@ ) dedy Yac (0.2)
Rd x R4

As a consequence, up to change the value of C, we have proved

co
Ty <= 1 mll s +0/ £2m?.
]Rd

Next, we compute

d z-Vm? d
T, = 2 2 <7 _ 7) g - 2 2.
2= LM s T e 3 J.lm
Concerning T3, we use Lemma 4.3 and the Cauchy-Schwarz inequality:
Ts < |l Aofllze I1fllez < ClfIZ2-

As a consequence, gathering the three previous inequalities, we have
Co
[ Bapy i <=2l v [ Pt R
Rd Rd

Step 2. We now consider b > by and we prove that for any s € N, By — b is
hypodissipative in Hj. For s € N*, we introduce the norm

(4.9) I£1%, = > o ||3ifH%g7 n>0,
§=0
which is equivalent to the classical H; norm. We use again the fact that By = Ao—Ap

and we only deal with the case s = 1, the higher order derivatives being treated in
the same way. First, we have

ax(BOf) = AO(a:cf) + 83cf - azc(-AOf)
Then, we can notice that
Aof(@) = [ Ko=) x012) €+ 2) fla 2 s
so that

0o(Aof)(@) = Ao(Du f)(@) + Ao f(x),  with || Aofll1z < C | fll12,

where the last inequality is obtained thanks to inequality (4.6) as in the proof of
Lemma 4.3. We deduce that

8,(Bof) = Bo(Duf) + 0o f — Aof.
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Then, doing the same computations as in the case s = 0, we obtain

| oman@pym = [ Ba@ny@.pym+ [ @uppmt = [ Aof @.p)m?

= J1+ Jo + J3.
with
e L L Ly INCH
——Hfmnw/z N LK Ay O
T C(Hf”%g FlFml),
and also

1
< S (713 + 15 ml3).

Finally, using the Cauchy-Schwarz inequality, we have
I3 < | Aofllzz 192 ez < C(IFI1Z2 + I1f mllF,)-
As a consequence, we have
Co
[ 0:Bah) @opym? < =l + b (IF3 + 1 mIa). 1€ R

We now introduce f; the solution to the evolution equation

3tft = Boft: fO = f7

and we compute
5 il = [ (Bos) fim® o [ 0u(Baf) @uf)m?
RA R4

Co Co
y | f2 m”i]a/Z - 77§||ft m||2H1+0/2

+ 1 fellZz (bo +nb1) +nbu [ femlF,-
We now use the following interpolation inequality

a/2 1—a/2

Bl < B0 0
which implies
(4.10) 1Bl < KO NP1 Fase + CHAI a2 ¢ > 0.
We obtain
Co 2 Co 2
Sl < (<2 4 b KQ) Wl + (~2 ¢t el s
+ ||ft||%g(bo +nb1).
Choosing ¢ small enough so that —cp/8 + (b; < 0 and then n small enough so that
—co/44+nby K(¢) < 0 and by +77b1 < b, we get
T A AT

which concludes the proof in the case s = 1. O
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We now introduce the operator By, defined by
(4.11) B(),m(h) = mBO(m_lh).

CoroLrAry 4.6. Consider q such that 2q < «. There exists b € R such that for any
s € N, By m — b is hypodissipative in H®.

Proof. — The proof comes from Lemma 4.5 and is immediate noticing that the norms
defined on H; by

IFIR =D 0 f1Z: and  [LF113 = [Lf milF-

Jj=0

are equivalent. 0

Levmva 4.7, Consider q such that 2q¢ < «. There exists b € R such that for any
s €N, By.m — b is hypodissipative in H=°, (or equivalently, By — b is hypodissipative
in H*).

Proof. — We introduce the dual operator of By, defined by:
x-Vm
(b w A() (m (b)

where w := m~!. We now want to prove that Bo,m is hypodissipative in H?.

By ¢ =wlo(me) —z- V-

Step 1. — We consider first the case s = 0 and we compute
z-Vm
[ Bome)o - /Iom¢w¢ [oaro- [ g [ wanme)s
-+ Ty
We have

d
Ty== [ ¢* and T3<0
2 Jra

Next, using (4.6), we have || Ag(m ¢)| 2 < C | Ao(|¢])||L2 and thus
C (Mo (IeD)II* + ll¢ll72) < Cll¢ll7

from Lemma 4.3. Let us now estimate 1.

Case oo < 1. We write

T, = / kol — ) (md) () — (m) () w(z) b(x) dy dx
R4 xR%
- / kol — ) (6y) — 6(2)) $(x) dy dx
R4 xRd
+ / ol =) (mly) — () ) 60) ) dy
+ / ko(z — ) (m(y) — m(z)) w(z) () ¢(z) dy da
lo—y|>1

=: T + T2 + T13.
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s 1

Let us point out here that from (4.8), we have

Rd
- / ol — ) (6(y) — 0(w))? dy da + / Ih(?)
= =6l

Next, using a Taylor expansion, there exists 6 € (0, 1) such that

Tio= [ kol =) (n(0) — mie) (o) o) o) dy
(4.12)
<O [ k)bl [Vl + 6y — )| (@) (6*(0) + () dy .

|z—y|<1

Using that |Vm(z + 8(y — z))|w(x) < C for any x, y € R, |z — y| < 1, we deduce
T < C ¢°.
Rd
Concerning 713, we have from (4.7)
m(y) = m(@)| < C z = y)" min ((@)2, (4)"/2),

from which we deduce

Ti3<C ¢°.
Rd

Altogether, we have thus proved
€o
T <= Lol +C [ 6
R4
Case a € [1,2). — We write
Ti= [ kol =) T ) () 6(o) dy ds
R4 xR?

_ / In(6) 6 + / Ko(@ — 4) T (2 ) w(z) 6(y) () dy dx
Rd

lz—y|<1

+ / kol — ) (6y) — 6(x)) 6(x) w(x) V(=) - (y — ) x(y — o) dy do
R4 xRd
=T +Tio+Tis+Ta

where we recall that 7, is defined in (4.4). We have again

co
Tu=- 101102
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Arguing similarly as for T2 in (4.12), but using a Taylor expansion at order 2 instead
of order 1, we obtain

T, <C ¢°.
Rd

Next, we split T13 into two parts:

Tis<C ko(x = y) Im(y) — m(@)|w(@)(¢*(x) + ¢*(y)) dz dy

lz—y|>1

+C/1< e ko(x —y) |z — y| |Vm(a)|w(z) (6% () + ¢*(y)) da dy

<C ko(x —y) (x — )¢ ()~ (¢*(x) + ¢°(y)) du dy

lz—y|>1
vC [ ke @) + S ) dedy,
1<]z—y|<2
where we have used (4.7), we thus obtain:
Ti3<C ¢°.
Rd
Concerning T14, we use Young’s inequality which implies that for any ¢ > 0,

Ty <¢ - ko(z —y) (6(y) — ¢(x))? dy da

[vm(@)P

() ly — 2" x* (v — y) dy dx

FKQ [ kole 1))

<<%Hwﬁwf+K@>/

|21<2

k(z)|z|2dz/ ®2.
Rd
Consequently, taking ¢ > 0 small enough, we have
co
T <=2 ol 4 C [ 6
Rd
We hence conclude that

N c
[ Brnd) o< =L ol tto [ 6 ek,
R4 Rd

Step 2. We now consider b > by and we prove that for any s € N, Bf,, — b is
hypodissipative in H®. As in (4.9), for s € N*, we introduce the norm

S
lollZ =Y 193¢ll72 0 >0,
j=0
which is equivalent to the classical H® norm. We only deal with the case s = 1, the
higher order derivatives are treated in the same way. First, using the identity (4.5)
(with ko instead of ko ), we notice that

z-Vm

Bt =Io(¢) + wC(¢) + wCh (¢) — - Vo —

¢ - on(?’TL(ﬁ),

m
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and

Cr(9)(@) = | ko(z —y) (¢(y) — ¢(x)) Vim(z) - (y — x) x(z — y) dy

Rd

= [ ko(z) (¢(z + 2) — ¢(x)) Vm(z) - 2x(2) dz.

Rd
Before going into the computation of 9,(B; ,,,¢), we also notice that

0 (w Ao(m §)) = w Ao(m.0,6) + Ao, (9),
where .,TO; satisfies

[ Ao,m ()2 < C ||| 2
thanks to (4.6). Consequently, we have

00 (55 108) = By (0:6) +wC}1u(0) + wCh, 10 (68) + 0uCh(6) + D0 C2,(9)

06— (T Forn(9)
and
[ 01(85.,00)0:0 = [ Bin(00) 0.0+ / W Ch () (0:0) + /Rdwcaxmw)(amczs)

+/ 0,w Ch (6) (920) + /ach —/}Rd(am)2
_/Rd x(“f Vm (Oap) — / Ao (9) (820

=J1+--+Js.

We have from the step 1 of the proof

C
B <=L Wl o [ (000"

Moreover, we easily obtain that

Jo+ Jr+Jg < C </Rd¢2+/Rd(8x¢)2>.

The term J is first separated into two parts:

2 /| < )60 Toum (@, + 2) (@) () de

+ / ko(2)d(y)To,m(x, x + 2) w(x)0,(x) dz dx
2|1

=: Jo1 + Jog,
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where we recall that Tp,,, is defined in (4.4). The term Jo; is treated as T is the
step 1 of the proof. Concerning Jao, as for T3, we split it into two parts:

J22 </|I>lko(2)(3zm)(ﬂc+2)—(5mm)(x)IW(x)(¢2(w+Z)+(3z¢)2(ff))dwdz

+ ko(2) 2] [V (0em)(x)| w(z) (6% (x + 2) + (0:¢)*(x + 2)) dz dz

1<]2]<2

<C ko(2) (8% (x + 2) + (02¢)*(2)) dz dz

2131

+C ko(2) (8% (x + 2) + (920)*(x + 2)) dz dz,

1<[2[<2

where the second inequality comes from the fact that
[(0.m)(y) — (0xm)(z)|w(x) < C and |V(d,m)(x)|w(z) <C Va,yecR?
because ¢ < a/2 < 1. We hence deduce that

sec ([ 2+ L)

Concerning J3, we perform a Taylor expansion of ¢ and we use the fact that
[V (0;m)|w € L

@) g= [ we-y [0Vt ie-u)- o)
V(0zm)(z) - (y — ) x(2 — y) w(z) Du(z) dy dx

1
<C ko(2) |2)? / |Vo(x +t2)|* dt dz dx + / ko(2) |2|? |0.6(z)|? dz de,
0

|z|<2 [2]<2
where we have used Jensen’s inequality and Young’s inequality. We use a change of
variable for the first term of the RHS of (4.13), which implies that

I3 < Clol-

We deal with Jy splitting it into two parts (Jz —y| < 1 and |z —y| > 1) and using the
same method as for T2 and T3 in the step 1 of the proof, we obtain

)

To deal with J5, we proceed exactly as for J; and we obtain
Js < C ol

Summarizing the previous inequalities and using (4.10), we obtain that for any ¢ > 0,

. ¢
o OrBom) 000 < — 1815 vars + ba (121172 + 16]5)

co
S = 10l nsars + b1 (18122 + K (OIS0 /2 + CIlFcar2) 5
b1 € R. This implies that if ¢; is the solution of
8t¢t = 66777L¢ta ¢0 = ¢7
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then
1d Co
Sl < (= 2 +nby K6l

C
(= 5+ o) 166z + (B0 + b0l

Taking ¢ and 1 small enough, we deduce that

1d
5%\”@“\?{1 < bllellZe,
this concludes the proof in the case s = 1. O

We now fix 0 < r < /2 as in the assumptions of Theorem 4.1. We also introduce
ro € (r,a/2) and mo(z) := (). From Lemma 4.4 applied with p = 1, there exists
a < 0 such that B. —a is dissipative in L; for any e € [0,1] (or equivalently, Be m, —a
is dissipative in L', where B. ,,, is defined as By, in (4.11)). From Lemma 4.4 applied
with p = 2, Corollary 4.6 and Lemma 4.7, there exists b € R such that B, — b is
dissipative in L2 for any e € [0,e1] (or equivalently, B, — b is dissipative in L?)
and By, — b is hypodissipative in H® and H~° for any s € N*.

We introduce pg := 2/(1+46) and its Holder conjugate pj, := 2/(1—0) for 6 € (0, 1).
We then choose 6 € (0, 1) such that ag := a@+b(1—0) < 0, pjy € N and pj(ro—r) > d.
We denote

X1 :=W2P C Xg:=LP C X_y:= W >P.

0

Lemma 4.8. — The operator By — ag is hypodissipative in X;, i = —1,0,1 and the
operator B. — ag is dissipative in Xo for any € € (0,e1].

Proof. — We prove that By, — ag is hypodissipative in W=2P¢  L[Pe and W?2re
by interpolation. To conclude for X, we just have to interpolate the results coming
from Lemma 4.4 with p = 1 and Lemma 4.5 with s = 0 and use the fact that
(L', L?], = LPo with 1/pg = 0+ (1—0)/2 i.e., py = 2/(1+0). Then, for X; and X_;,
we first choose sg large enough so that sg(1 — 6) = 2. We then have [Ll,HSO]g =
W2po, [Ll, H‘Sob = W~2P¢ and we conclude thanks to Lemma 4.4 with p = 1 and
Lemma 4.5 with s = sg.

We prove that B, — ay is dissipative in X exactly in the same way as we proved
that By — ag is dissipative in Xj. O

4.5. SPECTRAL ANALYSIS. — We here divide the proof of Theorem 4.1 into two parts,
using Krein-Rutman theory for the first part and using both perturbative and en-
largement arguments for the second part.

Proof of part (1) of Theorem 4.1. — First, we notice that as in Section 2 (Lemmas
2.9 and 2.10), we can prove that the operator A, satisfies Kato’s inequalities, Sy, is
a positive semigroup and (—A.) satisfies a strong maximum principle. Using Krein-
Rutman theory as recalled in the proof of part (1) in Theorem 2.1, this gives the first
part of Theorem 4.1 i.e., that there exists a unique G, > 0 such that ||G.||1 = 1,
A.G. = 0. Moreover, it also implies that the projection Il. ¢ onto the null space of A,
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is given through the explicit formula Il o f = (f)Ge for any f € L! and any f € X,
i=—1,0,1.

Proofof part (2) of Theorem 4.1. — We first develop a perturbative argument which is
detailed in what follows, improving a bit similar results presented in [9, 15]. The main
difference with those previous works lies in the fact that we have some dissipativity
properties in all the spaces X;, i = —1,0, 1 only for the limit operator 3y3. Concerning
the perturbation B., we only require it to be dissipative in Xj.

Levma 4.9. — For any z € Q := Dy, ~ {0} we define the family of operators
Ke(z) := =(Ac = Ao) R, (2) (AR5, (2))-

There exists a function nz(e) - 0 such that
e—

(4.14) K (2)lmxo) S m2(e) VzeQ:=AnN B., B.:=B(0,m2(¢)).
Moreover, there exists €2 € (0,e1) such that for any e € (0,e3) the operators I+ K (z)
and A — z are invertible for any z € Q. and

VzeQ., Ra(2)=U(2)I+K.(2))"

with
Us :==Rp. — Rao(ARB,).

As an immediate consequence, there holds

Y(A.) N D,, C B..

Proof. — We know that the operators ARp_(z) : Xo — X; (from Lemmas 4.3
and 4.8) and Rp,(2) : X1 — X; (previous works from [5, 9]) are bounded for any
z € Q and that the operators A, — Ag : X1 — X are small as ¢ — 0 uniformly in
z € Q (Lemma 4.2). Because 0 is a simple eigenvalue, we have

IRao(2)lzx,) <Clzl™h VzeQ.

for some C' > 0. We introduce the constant C,, > 0 (coming from Lemmas 4.3

and 4.8) such that ot
1ASB. (£)l| #(x0,x1) < Cap €'

Defining 7 (¢) := (C' Cy, 171 (£))/?, we deduce that for any z € Q.,

(4.15) 1K= (2)ll(x0) < mile) Cay = 12(8)-

C
n2(€)
We choose g2 > 0 such that n2(e) < 1 for any ¢ € (0,e2), we thus obtain that
IK-(2)|| < 1for any € € (0,e2) and z € €., which implies that I + K.(z) is invertible.

We compute

(Ae —2)Ue = (B: — 2+ A)Rp. — (Ae — Ao + Ao — 2)Rp, ARB.
=1+ K..
For z € Q., € € (0,e2), we denote J.(2) :=U.(2) (I + K.(2))~}, so that
(Ae —2)T(2) =1,
which implies that A. — z has a right-inverse J.(z).
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s |

Since A, — z is invertible for Re z large enough and J.(z) is uniformly locally
bounded in ., we deduce that A, — z is invertible in 2., and its inverse is its right-
inverse J:(z). O
Lemma 4.10. Let us denote

)
II, := by Ra.(2)dz, T.:={z€C; |z| =mn(e)}
™ r.

the spectral projector onto eigenspaces associated to eigenvalues contained in B..
There exists ns(e) such that

L. — ol 2 x) < m3(e) — 0.

e—0

Proof. — First, we have
= 57 | (Re.(0) = Ra () AR, (D} U + Ko(2))
/ Rp.(2) {I — K.(2)(I + K.(2)) 7'} dz

/RAO J(ARp, (2)) {I — Ko(2)(I + K.(2)) "'} dz

/ R, (2)K-(2)(I + K-(2)) " dz
—i/r Roro (2)(ARg. () {T = Ke(2)(I + K. (2)) 7'} d2
and similarly,
o= o= [ Ra(: - i [ (Reu(2) Ry 2) (AR 1)

= g7 . Roule) (AR, (2))

Consequently,

Mo — 11, — % / Rony (2) {ARs, () — AR, (2)} d=

~5iz | (R (6) = R () AR, () K )1+ )
=T+ T5.
Concerning T7, we use the identity
ARp,(2) — ARp.(2) = ARp, (2)(B: — By)Rp.(2)
with Lemmas 4.2, 4.3 and 4.8 which imply that
Rp.(z) € B(Xo), [IB: — Bollxo—x_, < m(e) — 0, ARp,(z) € B(X_1,Xo).

To treat Th, we use estimate (4.14) on K.(z), the facts that Rp_(z) € B(Xy) and
that we also have R, (2)ARp, (2) € #(Xo). This concludes the proof. O
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Prorosition 4.11. There exists g € (0,e2) such that for any ¢ € (0,&¢), the
following properties hold in Xg:

(1) (Ac) N Dg, = {0};
(2) for any fo € Xo and any a > ag,

184, (t) fo = G={fo)llxo < Cae™ fo = Ge{fo)llxo, V=0,

for some explicit constant C, > 1.

Proof. We know that if P and @ are two projectors such that ||P — Q|| z(x,) < 1,
then their ranges are isomorphic. Lemma 4.10 thus implies that there exists ¢y €
(0,e1) such that for any e € (0,&p),

dim R(TI,) = dim R(TTp) = 1.

We also know that 0 is an eigenvalue for A, (cf. part (1) of Theorem 4.1). This
concludes the proof of the first part of the proposition.

To get the estimate on the semigroup, we use a spectral mapping theorem coming
from [11, Th.2.1]. The hypotheses of the theorem are satisfied because B, — a is
hypodissipative in Xo (and thus in D(Ac ) = D(Bc ) and A € %’(XmWQO’Tl)

T

(and thus A € Z(Xo, D(Ac i ))- O

We now end the proof of part (2) of Theorem 4.1 using an enlargement argument
from the “small space” E = LP? to the “large” space & = L!. More precisely, we
use the estimates established in Proposition 4.11, Lemmas 4.3 and 4.4-4.8 as well
as A € #(E,F) in order to control the decay of each term involved in the iterated
Duhamel formula (2.29).
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